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This paper deals with the modeling and simulation of the effect of rotor eccentricity in permanent magnet synchronous machines.
Static eccentricity is analyzed in a 2-D setting. The 3-D effect of an inclined rotor shaft is accounted by considering 2-D slices and
interpolating on a grid constructed from finite-element simulations [response surface model (RSM)]. Common tools of uncertainty
quantification, i.e., generalized polynomial chaos and Monte Carlo, are used to study the effect on the electromotive force. The
novelty of this paper is the twofold use of the RSM: 1) to speed up the calculations in the 2-D setting and 2) to mimic a multislice
model for inclined eccentricity.
Index Terms— Finite-element (FE) analysis, Monte Carlo (MC) methods, permanent magnet machines, response surface
methodology.
I. INTRODUCTION
NOWADAYS, the modeling of electrical machines hasbecome very accurate using numerical techniques, such
as the finite-element (FE) method. Due to the increased
performance of computers, one can obtain very precise repre-
sentations of the electromagnetic fields, even when dealing
with complex machine designs. However, deviations from
the nominal design, due to manufacturing tolerances, are
unavoidable, e.g., due to mass production. These imperfections
tend to have a bigger influence on the fields than the numerical
errors and should be considered [1]. The quantification of their
impact on the machine’s performance can help to increase the
robustness of the design.
The main sources of uncertainty in permanent magnet
synchronous machines (PMSMs) can be distinguished into
two groups. One group is dealing with uncertain material
properties, such as nonlinear material behavior [2] and the
magnetization direction of the PMs [3]. The second group
contains geometric uncertainties, such as the length of the
stator teeth [4]. To numerically handle these uncertainties,
various approaches can be used, e.g., generalized polyno-
mial chaos (gPC) and Monte Carlo (MC) methods. It is
known that if the number of uncertain parameters is small,
gPC outperforms MC, whereas for many uncertain parameters,
MC is the method of choice [5].
This paper focuses on the geometric uncertainty introduced
by an eccentric positioning of the rotor within the stator
of a PMSM. An eccentric rotor position is known to cause
additional harmonics in the spectra of the currents [6], an
unbalanced magnetic pull [7], vibrations [8], and noise [9].
Two different types of eccentricity are considered: 1) static
eccentricity and 2) an inclined rotor shaft, which can be
understood as the static case of a whirling motion [10].
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Fig. 1. Cross section of the PMSM with magnetic flux lines, pre-
processing, and post-processing is carried out with finite element methods
magnetics [11].
For each model, numerical approaches are developed in order
to perform uncertainty quantification (UQ) on the variability
of the air-gap field components of the machine. This paper
aims at substantially cutting down the computation times for
the UQ on machine eccentricities. This is achieved by a
response surface model (RSM). Furthermore, this approach
allows particularly a convenient treatment of the inclined rotor
shaft situation.
II. METHODOLOGY
A. Machine Model
The PMSM is a three-phase 6-pole machine. The winding
is double layered with 2 slots/pole/phase. The stator and the
rotor are constructed from laminated steel and are modeled by
a relative permeability µr = 500 with vanishing conductivity.
The length of the machine is ℓz = 100 mm. Each rotor pole is
equipped with five cube-shaped PMs (see Fig. 1). A detailed
description of the machine can be found in [12].
B. Eccentricity Models
Two types of uncertain eccentricity are considered.
1) Static Eccentricity: The first type deals with an uncertain
static eccentricity, meaning that the two bearings that mount
the rotor have the same uncertain radial position. When a
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Fig. 2. Inclined rotor shaft within the stator. The position (R1, θ1) of the
front bearing is depicted by the green dot, the position of the back bearing
(R2, θ2) in red. The dashed line traces the center of the rotor throughout the
full stator.
coordinate system is assigned to the nominal position of the
rotor, i.e., in the center of the stator, the position of the
rotor’s center can be described by the polar coordinates (R, θ ),
i.e., R depicts the magnitude and θ depicts the angle of
displacement. This implies that R and θ are independent
random variables on the probability space (#,$, P), where
# is the set of possible outcomes, $ is the sigma algebra, and
P is the probability measure. The dependence on the stochastic
parameters will be depicted by ω. R(ω) and θ(ω) are modeled
as Gaussian and uniform distributions, respectively
R ∼ N (0, σ 2) and θ ∼ U(0,π) (1)
where σ is the standard deviation such that 3σ corresponds to
0.2 mm. Due to the symmetry of the stator and the fact that
R is allowed to have negative values, the outcomes of θ can
be restricted to [0, π /3].
2) Inclined Rotor Shaft: In a more realistic setting, each
bearing has a different uncertain positions (Fig. 2). This
situation is called the inclined rotor shaft. The position of
each bearing can again be expressed in the polar coordinates
(R1, θ1) and (R2, θ2), such that
R1, R2 ∼ N (0, σ 2) and θ1, θ2 ∼ U(0,π) (2)
where σ has the same interpretation as for static eccentricity.
C. Finite-Element Model
One can accurately describe PMSMs using the magneto-
static formulation of Maxwell’s equations. This means that
eddy currents and displacement currents are neglected. The
full machine is considered here, since eccentricity breaks the
6-pole symmetry. From Ampère’s law, one finds the elliptical
partial differential equation
∇⃗ × (ν∇⃗ × A⃗) = J⃗src − ∇⃗ × H⃗pm (3)
where A⃗(x, y, z) is the magnetic vector potential,
ν = ν(x, y, z) depicts the reluctivity, J⃗src(x, y, z) is the
source current density, and H⃗pm(x, y, z) is the PM’s
source magnetic field strength. We assume further that
J⃗src = (0, 0, Jz(x, y)) and A⃗ = (0, 0, Az(x, y)), implying
that one can model the machine by a 2-D approach and
discretize A⃗ using edge-shape functions w⃗ j (x, y), such
that A⃗ ≈ ∑ j u j w⃗ j = ∑ j u j N j (x, y)/ℓz e⃗z . These shape
functions are related to the nodal finite elements N j (x, y),
Fig. 3. Visualization of the dependence of the parameter h on r . R0 depicts
the inner radius of the rotor.
which are associated with the triangulation of the machine’s
cross section. e⃗z is the unit vector in the z-direction. Applying
the Galerkin approach, a system of equations of the form
Kνu = jsrc + jpm is retrieved [13] with
Kν,i, j =
∫
VD
ν∇⃗ × w⃗i · ∇⃗ × w⃗ j dV (4)
jsrc,i =
∫
VD
(0, 0, Jz) · w⃗i dV (5)
jpm,i =
∫
VD
H⃗pm · ∇⃗ × w⃗i dV (6)
where VD = SD × [0, ℓz] is the computational domain, and
SD is the machine’s cross section.
The uncertain rotor positions give raise to an uncertain
interface between the stator, the rotor, and the air gap.
The FE system
Kν(X⃗(ω))u(X⃗(ω)) = jsrc(X⃗(ω))+ jpm(X⃗(ω)) (7)
inherits the dependence on the random parameters
X⃗ := [R, θ ], since the FE nodes of the triangulation
(xi , yi ) are mapped to (x ′i , y ′i ) according to
x ′i (X⃗) = xi + R cos(θ)h (8)
y ′i (X⃗) = yi + R sin(θ)h. (9)
Let r = (x2i + y2i )1/2 depict the radial position of every node,
then h is defined as (see also Fig. 3)
h(r) =
⎧⎪⎪⎨⎪⎪⎩
1, if r ≤ Rrt
Rct − r
Rct − Rrt , if Rrt < r < Rct
0, if Rct ≤ r ≤ Rst
where Rct is the radius of a chosen contour in the air gap,
Rrt is the rotor’s outer radius, and Rst is the stator’s outer
radius.
D. Electromotive Force
The quantity of interest is the electromotive force (EMF).
We determine the EMF by the loading method [14]. It allows
to determine the d-axis and q-axis fundamental components of
the magnetic flux by applying a Fourier analysis on A⃗ at the
inner surface of the stator [14]. More precisely, the coefficient
of the cosine term, a1, corresponds to half the q-axis flux per
pole, and the coefficient of the sine term, b1, corresponds to
half the d-axis flux per pole. In the deterministic setting, the
resultant flux is then given by
) = 2ℓz
√
a21 + b21. (10)
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The inner torque angle δi is defined as δi = arctan(b1/a1).
At no-load operation, the flux induces a voltage Ei ,
according to
Ei =
√
2 f Nwkw,1) (11)
where f is the applied frequency, Nw is the number of
windings per phase, and kw,1 is the winding factor.
The induced voltage and the EMF, E0, are related by
Ei cos δi = E0 + Id Xm (12)
Ei sin δi = Iq Xm (13)
where the subscripts d and q refer to the d-axis and the
q-axis, respectively. Id and Iq depict the currents, and Xm is
the magnetizing reactance. Since the EMF is calculated under
no-load conditions Iq = Id = 0 and as a consequence δi = 0.
This implies that b1 = 0 and thus
E0 = Ei = 2
√
2 f Nwkw,1ℓza1. (14)
Due to its dependence on a1, one can write the EMF as
Y = E0(Az(X⃗)), where X⃗(ω) is a random realization.
By abuse of notation, we will write: Y = Y (X⃗).
E. Generalized Polynomial Chaos
The main advantage of gPC over the more standard MC is
the fast convergence for low-dimensional problems. Let X⃗ be
a random vector of dimension d , such that X⃗ = (X1, . . . , Xd),
where Xi are independent random variables on the probability
space (#, $, and P). Its response function Y = Y (X⃗) can then
be approximated by the gPC expansion on a tensor product
grid
Y ≈∑
k
yk)k(X⃗) (15)
where yk = Y (X⃗k) are the expansion coefficients, and )k(X⃗)
are the orthogonal polynomial basis functions, such that
E[)i (X⃗)) j (X⃗)] = E[)2i (X⃗)]δi j , and k = 1 . . . p is a canoni-
cal index addressing all collocation points. The gPC bases for
normal and uniform distributions are constructed from Hermite
polynomials and Legendre polynomials, respectively [15].
F. Response Surface Model
An RSM is constructed by sampling the points of a m × n
tensor product grid, requiring mn FE simulations. In the
subsequent UQ, the quantities of interest for intermediate
parameter sets are obtained by cubic spline interpolation.
Since the polynomial evaluations are computationally cheap,
the total computational effort depends linearly on the mn FE
simulations.
The RSM is used twofold. The RSM is utilized to calculate
the EMF for samples obtained by the MC. It is also used
to mimic the 3-D effect of the inclined rotor shaft with
2-D models. The latter is shown in Fig. 4. The black dots
depict the RSM, and for these dots, the EMF is calculated by
solving the FE system (7). The position of the front bearing
(green dot) and the back bearing (red dot) is chosen randomly
for each machine sample. Once the front and back positions
Fig. 4. RSM (17 × 5 grid) for the study of the inclined rotor shaft. The
black diamonds depict the grid used for interpolation and represent real FEM
simulations. The path shown is one MC simulation where the green and red
dots depict the position of the front and back bearing, respectively. The blue
line traces the center of the rotor (see also Fig. 2).
TABLE I
NUMERICAL RESULTS FOR THE EXPECTATION VALUES AND STANDARD
DEVIATIONS OF THE EMF FOR STATIC ECCENTRICITY
are known, one can trace the position of the center of the rotor
throughout the full machine (blue curve). Every point on the
blue curve represents a 2-D machine model. The EMF for the
front and back bearings and every point on the blue curve is
determined by interpolation using the RSM. Integrating from
the green dot to the red dot along the blue path results in the
EMF of the inclined machine. This means, using an RSM, one
implicitly defines 2-D slices by interpolation, whereas in [16],
the slices are defined explicitly.
III. RESULTS AND DISCUSSION
A. Static Eccentricity
Static eccentricity is studied by four different approaches.
The first approach is MC, where 1500 FE simulations
are calculated. The second approach relies on gPC, where
a 5 × 5 tensor product grid is used. This means that only
25 FE simulations are required. The third and the fourth
make use of RSMs. For the third one, the (5c × 5) tensor
product grid constructed in the second approach is utilized.
The fourth one is based on a (17 × 5) tensor product grid
and needs 85 FE simulations. On the RSMs, an MC approach
with 108 samples is applied. The EMF is retrieved utilizing a
global polynomial expansion (15) or applying a cubic spline
interpolation between the grid points. The computational cost
for one FE simulation is ∼70 s.
Table I summarizes the numerical results. The expectation
values µ for all approaches are in good agreement. The value
of the standard MC deviates, since the method has not yet
fully converged for 1500 samples. The error estimation on
the expectation value for MC is given by the central limit
theorem and is 0.04 · 10−4 V. The convergence is illustrated
by comparing the standard gPC approach and the RSM-MC
on a 17× 5 tensor product grid (Fig. 5). The gPC grids finer
7203404 IEEE TRANSACTIONS ON MAGNETICS, VOL. 52, NO. 3, MARCH 2016
Fig. 5. Results for static eccentricity. Comparison of the results for the
expectation value of and the standard deviation on the EMF, using (ii) stand.
gPC and (iv) RSM-MC.
Fig. 6. Results for the inclined rotor shaft. Comparison of the results for the
expectation value of and the standard deviaton on the EMF, using (vi) MC
and (vii) gPC.
TABLE II
NUMERICAL RESULTS FOR THE EXPECTATION VALUE
AND THE STANDARD DEVIATION OF THE EMF
FOR THE INCLINED ROTOR SHAFT
than the 5 × 5 grid have the same expectation values as the
5 × 5 grid. The standard deviations σ are also in agreement.
The deviations of both the RSM-approaches are attributed to
interpolation errors ϵ. This relative error estimator is found by
comparing the results of the real FE calculations obtained for
the standard MC and the results obtained by interpolation on
the (5× 5) tensor product grid for the same random samples.
B. Inclined Rotor Shaft
Using MC, 108 samples are generated (the fifth and sixth
approach), and using gPC, a 54 sample grid (the seventh
and eight approach) was constructed. Each sample contains
the positions of the two bearings. The EMFs are calculated
using the same RSMs that are used for static eccentricity.
The numerical results are shown in Table II and Fig. 6. The
standard deviations are two times smaller compared with the
ones obtained for static eccentricity. This confirms static
eccentricity being the most pessimistic scenario, since it can
only be obtained in the inclined rotor shaft model when both
the bearings accidentally have the same displacement.
IV. CONCLUSION
RSMs are constructed for the uncertain parameter space
by FE evaluations for the points of a tensor product grid.
MC simulation on the basis of such RSMs outperforms the
standard MC technique with the FE simulation for the sample
points and gPC on a comparable tensor product grid. MC in
combination with an RSM is particularly attractive for dealing
with inclined rotors. The speedup in the static case is at
least 60 (1500 MC samples versus 25 for the RSM) and in the
inclined rotor case, several orders of magnitude higher, since
MC would require millions of samples.
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